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Consideration is given to shear-rate-dependent rheology effects on mass transport in a heterogeneous microreactor of
rectangular cross section, utilizing both numerical and analytical approaches. The carrier liquid obeys the power-law
viscosity model and is actuated primarily by an electrokinetic pumping mechanism. It is discovered that, considering the
shear-thinning biofluids to be Newtonian fluids gives rise to an overestimation of the saturation time. The degree of
overestimation is higher in the presence of large Damkohler numbers and electric double layer thicknesses. It is also
increased by the application of a favorable pressure gradient, whereas the opposite is true when an opposed pressure
gradient is applied. In addition, a channel of square cross section corresponds to the maximum fluid rheology effects.
Finally, the numerical results indicate the existence of a concentration wave when using long channels. This is con-
firmed by analytical solutions, providing a closed form solution for wave propagation speed. VC 2015 American Institute

of Chemical Engineers AIChE J, 61: 1912–1924, 2015
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Introduction

In the recent years, microelectro-mechanical-systems have
attracted much attention because of wide practical applica-
tions, especially in medical and biological related industries
where the microfluidic devices, called lab-on-a-chip (LOC),
are becoming more and more popular.1–5 LOC devices are
microscale laboratories on a microchip that can perform clini-
cal diagnoses. The main advantages of these devices are ease
of use, speed of analysis, and low sample consumption.6

Fluid delivery in LOCs is a challenging task because of
small length scales involved. Among various techniques
being proposed for fluid pumping in these devices, electroos-
mosis has been favored due to its advantages over other flow
actuation mechanisms. For example, electroosmotic pumps
need no moving parts and, as a result, have much simpler
design and easier fabrication. Also, precise flow control can
be easily achieved by controlling the external electric field.7

The term “electroosmosis” refers to the movement of ion-
ized liquids with respect to stationary electrically charged
surfaces in the presence of externally applied electric fields.
The motion is created by the viscous drag caused by the
movement of ions which are experiencing the Coulomb

force. The electroosmotic body force is mostly concentrated
in a region adjacent to the charged surface known as electric
double layer (EDL), shown schematically in Figure 1, where
ions are crowded and form an immobile stern layer next to
the wall and an outer diffuse mobile layer. It is the motion
of the ions within the later that leads to the electroosmotic
flow.

Microreactors are one of the essential components of
LOCs. As compared with their macroscale counterparts,
microreactors have many unique advantages. For example,
decrease in the length scales in these devices gives rise to
higher amounts of concentration gradient, which is the driv-
ing force for mass transport. Moreover, the higher surface to
volume ratios at microscale result in higher reaction rates for
the systems in which the reaction takes place on the surfa-
ces. In addition, due to the fact that the increase in through-
put in microreactors is achieved by a numbering-up
approach rather than by scaling-up, higher flexibility is
achieved in adapting production rate to varying demands, as
a certain number of systems can be switched off or further
systems may be simply added to the production plant.8

Microreactors are generally divided into homogenous and
heterogeneous categories. In the former, reaction takes place
within the solution. However, in the heterogeneous reactors,
one of the reactants is immobilized on a solid surface and
the other reactant is brought close to the surface by the car-
rier fluid.9 In both cases, the mass transport process can be
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considered as a subcategory of solute dispersion with chemi-
cal reaction. By tracking the literature, one may come across
the work of Taylor,10 as one of the landmark research works
on solute dispersion. He provided a description of the cross-
sectional area averaged axial convective transport of a pas-
sive solute inside a tube in 1953. As then, this method, and
also its modified versions developed by other research-
ers,11–13 have been called Taylor dispersion theory in the lit-
erature. The first work extending the dispersion problem to
the situations containing surface reactions was performed by
Sankarasubramanian and Gill.14 They developed analytical
solutions for miscible dispersion in laminar flow inside a cir-
cular tube in the presence of irreversible first-order reactions
at the wall.

Unlike the types of reactions usually presumed in chemi-
cal engineering-related research works, the reactions that
take place in biological applications are mostly reversible.
One of the first attempts in modeling the reversible surface
reactions in biological devices was made by Glaser.15 He
numerically studied the kinetics of binding and dissociation
between a soluble analyte and an immobilized ligand on or
near a surface. This work was followed by a long line of
research works on surface reaction in biomicrofluidic devi-
ces, utilizing both theoretical9,16–23 and experimental meth-
ods17,21,23 all considering a pressure driven pumping
mechanism. As for electrokinetically driven microdevices,
the mass transport studies are more recent and mostly con-
sider an irreversible reaction.24–35

The rheological behavior of the biofluids encountered in
LOCs may significantly differ from the predictions of the

Newton’s law of viscosity. Accordingly, any pertinent study
should account for this complex rheology, if an accurate
modeling is intended to be done. However, no sufficient
attention has been given toward the influences of compli-
cated fluid rheology on surface reactions in biomicrofluidic
devices. The already available relevant researches, which are
very limited in number, provide approximate solutions based
on simplifying assumptions such as a constant axial gradient
of the concentration26 and a very small mass-transfer bound-
ary layer34,35 which limit their applicability range. Moreover,
they are dealing with 1-D geometries and have all consid-
ered a type of reaction on the surface which is valid only at
earlier stages of saturation process in bioreactors. In this
work, the gap between full numerical researches pertinent to
surface reaction kinetics in bioreactors with Newtonian
working fluids and the approximate analyses performed by
assuming a shear-rate-dependent rheology is bridged. As the
cross section of microchannels made by modern microma-
chining technologies is usually close to a rectangular
shape,36 a heterogeneous microreactor of this geometry with
an electrokinetic flow actuation mechanism is chosen for
modeling. The rheological behavior of the working fluid is
considered to be described by the power-law viscosity
model. The problem is generally handled by means of a
finite difference based numerical method for nonuniform
grid; however, analytical results, applicable under certain
conditions, are also presented. Although the effects of all
main parameters on mass transport are being investigated,
special attention is given toward the influences of shear-rate-
dependent rheology on surface reaction kinetics.

Figure 1. Schematic representation of an electrokinetically driven microreactor.

(a) transverse view including the EDLs between the channel inner wall and the dashed lines and (b) lateral view containing the

reactive components.
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Problem Formulation

The transport of a neutral species in a heterogeneous
microreactor of rectangular cross section and its association
with the binding sites on the wall are being investigated. A
schematic representation of the physical problem along with
the coordinate system and the other details is shown in Fig-
ure 1. The microreactor enjoys an electrokinetic pumping
mechanism. The working fluid is assumed to be a biofluid
with its rheological behavior approximately being described
by the power-law viscosity model. We also assume that this
fluid is of constant thermophysical properties and contains a
single symmetric salt dissociating into cationic and anionic
species. The zeta potential is also considered constant and
uniform which means that the probable alterations of the sur-
face characteristics due to the adsorption–desorption mecha-
nisms is assumed negligible. As the hydrodynamic entry
length for an electroosmotic flow is only a small fraction of
the channel hydraulic diameter at typical Reynolds num-
bers,37 the flow is considered to be fully developed. Due to
the symmetry, the analysis is restricted to the first quarter of
the channel cross section.

Electrical potential distribution

The electrostatic potential, u, at any point in the channel
will be described by superposition of the externally applied
potential, U, along the channel axis, and the double layer
potential, w. Under the hydrodynamically developed condi-
tions w5w x; yð Þ, so

u x; y; zð Þ5U zð Þ1w x; yð Þ (1)

The electrostatic potential is related to the local net charge
density, qe, at certain point in the solution by the Poisson
equation38

r2u52
qe

e
(2)

where, e is the permittivity constant of the solution. To eval-
uate the charge density, first the ionic distributions should be
known. As we are dealing with hydrodynamically developed
conditions the concentration of ith ionic species is given by
the Boltzmann distribution39

N i5N0e
2

ziew
kBT

� �
(3)

wherein kB is the Boltzmann constant, z denotes the valence
number of ion, e is the proton charge, T stands for the abso-
lute temperature, and finally N0 is the ionic concentration at
neutral conditions where w50. The charge density for our
symmetric solution for which z152z25z is, therefore,
obtained as

qe5ze N12N2ð Þ 522N0ze sinh
zew
kBT

� �
(4)

Introducing the charge density expression into the Poisson
equation and performing nondimensionalization result in the
following modified version of Eq. 2

@2w�

@x�2
1
@2w�

@y�2
5K2 sinh w� (5)

where w�5ezw=kBT, x�5x=H, y�5y=H, and K5H=kD is
the dimensionless Debye-H€uckel parameter with kD5

2N0e2z2=ekBTð Þ21=2
being the Debye length, a measure of

the EDL extent. The dimensionless electrical potential Eq. 5
is subject to the following boundary conditions

@w�

@x�

����
x�50

5
@w�

@y�

����
y�50

50; w�jx�5a5w�jy�515f� (6)

in which f�5ezf=kBT is the dimensionless zeta potential and
a5W=H stands for the channel aspect ratio.

Velocity distribution

The momentum exchange through the flow field is gov-
erned by the Cauchy equation40

q
Du

Dt
52rp1r � s1F (7)

in which q denotes the fluid density, p represents the pres-
sure, s is the stress tensor, and F is the body force vector.
Here, the body force is given by qeE with E52ru repre-
senting the electric field. At the fully developed conditions,
the effects of the transverse velocity components are negligi-
ble compared with the axial velocity component. This,
accompanied by the continuity equation, that is r � u50,
results in a velocity vector of the form u5 0; 0; uz x; yð Þ½ �.
Therefore, bearing in mind that Du=Dt50 for a steady fully
developed flow, the momentum equation in the axial direc-
tion is written as

052
dp

dz
1
@sxz

@x
1
@syz

@y
1qeEz (8)

For determining the stress tensor components in Eq. 8, an
understanding of the fluid rheology is necessary. Although
most biofluids show time-dependent (viscoelastic) flow char-
acteristics, the power-law viscosity and Casson models have
shown to be able to provide an approximation of the actual
biofluid flow physics, especially in the case of human
blood.26,41 Although the Casson model is usually preferred
over the power-law fluid, the latter is utilized here, because
of its simplicity and also the ability to fit the experimental
data of whole blood and plasma over a wide range of shear
rate.42 The rheology of the power-law fluids is characterized
by two parameters namely the flow behavior index, n, and
the flow consistency index, m. For a fixed value of n,
increasing m will result in the fluid producing more resisting
force against the same strain rate. Moreover, the shear-
thinning and shear-thickening behaviors are obtained
for n < 1 and n > 1, respectively and by setting n51 the
Newtonian behavior is recovered. Based on this rheology,
the components of the shear-stress tensor, appeared in Eq. 8,
are of the following forms43

sxz5m
@uz

@x

� �2

1
@uz

@y

� �2
" #n21

2
@uz

@x
(9)

syz5m
@uz

@x

� �2

1
@uz

@y

� �2
" #n21

2
@uz

@y
(10)

Similar to that of the electrical potential, the momentum
equation is made dimensionless for generalization of the
findings. A reference velocity is required for proceeding with
this nondimensionalization. This velocity scale here is con-
sidered to be the Helmholtz-Smoluchowski electroosmotic
velocity, uHS, the maximum possible electroosmotic velocity
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for a given electric field which takes the following form for
power-law fluids at small zeta potentials40

uHS5nk
n21

n

D 2
efEz

m

� �1
n

(11)

Substituting sxz and syz from Eqs. 9 and 10 into Eq. 8 and
expanding the resultant terms and replacing qe with the
righthand side of Eq. 4, the momentum equation in dimen-
sionless form can be written as

A1 x�; y�; u�ð Þ @
2u�

@x�2
1A2 x�; y�; u�ð Þ @

2u�

@y�2

1A3 x�; y�; u�ð Þ @
2u�

@x�@y�
52

n11

n

� �n

C2
Kn11

nnf�
sinh w� (12)

where, u�5uz=uHS and the functions Ai51���3 are provided in
the Appendix. Also, C is the velocity scale ratio, defined as

C5
un

PD

un
HS

(13)

where, uPD is the maximum velocity of a pressure driven
flow of power-law fluids in a slit microchannel with the
height of 2H which is expressed as44

un
PD5

n

n11

� �n
2

1

m

dp

dz
Hn11

� �
(14)

The momentum equation is subject to the symmetry and
no slip boundary conditions that in dimensionless form are
written as

@u�

@x�

����
x�50

5
@u�

@y�

����
y�50

50; u�jx�5a5u�jy�5150 (15)

Concentration distribution

A preliminary understanding of the reaction mechanism
is necessary for developing the mass transport equations in
a microreactor. In a typical adsorption–desorption mecha-
nism, there are basically three components in the reaction.
The first component is the sample being injected into the
channel, called analyte, with a concentration of c. The ana-
lytes are actually the only component in the buffer fluid.
There are also known samples being immobilized on the
surface, named binding sites, with a concentration of cs0.
Finally, the analytes captured by the binding sites are called
surface bound analytes and their concentration is shown by
cs. The equation that governs the analytes transport is given
as45

@c

@t
1r � ucð Þ5r � Drcð Þ (16)

wherein D is the diffusion coefficient of the analytes. The associ-
ated boundary conditions for Eq. 16 include the symmetry condi-
tions at the channel midplanes, the specified inlet conditions, that
is the concentration being equal to the injection concentration cin,
the vanishing of @2c=@z2 at the outlet, and the equality of the
mass flux of the analytes at the wall and the rate of increase in
concentration of surface bound analytes, given as

@cs

@t
52Drc � n̂52D

@c

@n
(17)

wherein n is the outward normal direction to the wall and n̂
stands for the unit vector in the direction of n. Using the

first-order Langmuir adsorption model, the left hand side of
Eq. 17 may also be related to cs0, cs, and the analyte concen-
tration in the channel near the reactive wall, cw, as20

@cs

@t
5kacw cs02csð Þ2kdcs (18)

where ka and kd are the association and dissociation rates,
respectively, thereby assuming a reversible association. The
analyte concentration, c, and cs are, therefore, strongly
coupled through Eqs. 17 and 18. Assuming a constant diffu-
sivity for the analytes, the dimensionless analyte conservation
equation for a steady fully developed flow along with the
associated initial and boundary conditions may be written as

@H
@t�

1u�
@H
@z�

5
@2H
@x�2

1
@2H
@y�2

1
1

Pe2

@2H
@z�2

(19)

Ht�505
@H
@x�

����
x�50

5
@H
@y�

����
y�50

5
@2H
@z�2

����
z�5L�

50 (20)

@H
@x�

����
x�5a

52
1

�

@Hs

@t�
(21)

@H
@y�

����
y�51

52
1

�

@Hs

@t�
(22)

Hz�50;t�>051 (23)

wherein

H5
c

cin
; Hs5

cs

cs0

; t�5
Dt

H2
; z�5

z

HPe
;

Pe5
uHSH

D
; �5

cinH

cs0

; L�5
L

HPe
(24)

where, L denotes the channel length, Pe is the Peclet num-
ber, and � is called the relative adsorption capacity. The rate
of increase in the concentration of the surface bound analy-
tes, given by Eq. 18, can also be expressed in dimensionless
form, as

@Hs

@t�
5�Da Hw 12Hsð Þ2KDHs½ � (25)

where the Damkohler number, Da, and the kinetic equilib-
rium constant, KD, are given as

Da5
kacs0H

D
; KD5

kd

kacin
(26)

Assuming a zero concentration at the time zero, the asso-
ciated dimensionless initial condition for Eq. 25 is given as

Hsjt�5050 (27)

The set of coupled governing equations and the initial and
boundary conditions are solved utilizing a numerical scheme.
The details of calculations are given in numerical procedure
section. Once the concentration field is calculated, the quan-
tities of interest can be obtained. One of the main parameters
when dealing with biochemical assays is the perimeter aver-
aged concentration of the surface bound analytes. The
dimensionless form of this parameter may be written as

Hs;pav z�; t�ð Þ5
Ð 1

0
Hsjx�5ady�1

Ð a
0

Hsjy�51dx�

11a
(28)

Another important parameter is the average value of Hs

over the entire channel surface which is given as
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Hs;av t�ð Þ5
Ð L�

0
Hs;pavdz�

L�
(29)

Physical Interpretation of the Dimensionless
Parameters

It was found that 10 dimensionless parameters including
a, L�, f�, n, C, K, Pe, �, Da, and KD govern mass transport
and surface reaction in a microreactor of rectangular cross
section with a power-law working fluid. It is not disadvanta-
geous to briefly discuss the physical significance of these
parameters. The first five ones are whether self-explanatory
or their physical meanings are already discussed. So we start
with K which controls the electroosmotic velocity field. For
a small K, the EDL is relatively large and the electroosmotic
body force exists in the entire channel. Thus, the velocity
variations exist in almost the whole channel domain, giving
rise to a nearly parabolic profile. For higher values of K, the
EDL is confined to a thin layer near the wall. Accordingly,
the velocity variations exist only in this layer and the outside
fluid is dragged by the fluid within EDL, creating a plug-like
profile.

The Peclet number is defined to be the ratio of the mass-
transfer rate due to advection to the rate of transport caused by
the diffusion of mass. Accordingly, at smaller values of Pe the
diffusion wins and a change in concentration field is propa-
gated into the whole domain. At high Peclet numbers, how-
ever, the information is merely transferred by the flow and the
disturbances are only felt at downstream locations.

The Damkohler number shows the ratio of the diffusion
time scale to the reaction time scale, that is H2=D to
H=kacs0. As such, a high value of Da corresponds to a diffu-
sion limited transport. Conversely, when Da is small the
transport is limited by the reaction at the surface, leading to
a constant concentration profile across the channel.

The relative adsorption capacity, �, denotes the relative
density of analytes in the bulk and those located at the fully
saturated reacting surface. In other words, it is a measure of
surface adsorption capacity relative to the bulk. A small �
corresponds to a high relative surface capacity, giving rise to
a longer saturation time, and vice versa.

Finally, the kinetic equilibrium constant is a measure of
the equilibrium efficiency of the reaction. The ratio of the
surface bound analytes at the equilibrium state to the total
number of the binding sites is solely dependent on this
parameter. In fact, by setting @Hs=@t�50 and Hw5Hin51,
this ratio is readily obtained from Eq. 25 as

Hs;eq5
cs;eq

cs0

5
1

11KD
(30)

Numerical Procedure

Due to strong gradients of the electrical potential and
velocity distributions near the wall, it is necessary to have
smaller grid sizes in this region. In addition, at the earlier
stages of the saturation process, the axial variation of con-
centration near the channel inlet is much higher relative to
the rest of the channel. Therefore, transformations are used
to cluster the grid points near the channel walls and the
channel entrance. The x�; y�, and z� coordinates are trans-
formed into x̂; ŷ, and ẑ as46

x̂5ln
b1 x�

W�

b2 x�

W�

� �.
ln

b11

b21

� �
(31)

ŷ5ln
b1

y�

H�

b2
y�

H�

 !.
ln

b11

b21

� �
(32)

ẑ512ln
bz112 z�

L�

bz211 z�

L�

� �.
ln

bz11

bz21

� �
(33)

where, H�5H=H51, W�5W=H5a, b is the stretching
parameter in the transverse directions, and bz is the stretch-
ing parameter in the axial direction. With this transforma-
tion, the dimensionless forms of Eqs. 5, 12, and 19 can be
rewritten in terms of x̂, ŷ, and ẑ as

Q2
1 x̂ð Þ @

2w�

@x̂2
1Q2 x̂ð Þ @w

�

@x̂
1Q2

3 ŷð Þ @
2w�

@ŷ2

1Q4 ŷð Þ @w
�

@ŷ
5K2sinh w� (34)

A1 x̂; ŷ; u�ð Þ Q2
1 x̂ð Þ @

2u�

@x̂2
1Q2 x̂ð Þ @u�

@x̂

� �

1A2 x̂; ŷ; u�ð Þ Q2
3 ŷð Þ @

2u�

@ŷ2
1Q4 ŷð Þ @u�

@ŷ

� �

1A3 x̂; ŷ; u�ð Þ Q1 x̂ð ÞQ3 ŷð Þ @
2u�

@x̂@ŷ

� �

52
n11

n

� �n

C2
Kn11

nnf�
sinh w� (35)

@H
@t�

1u�Q5 ẑð Þ @H
@ẑ

5Q2
1 x̂ð Þ @

2H

@x̂2
1Q2 x̂ð Þ @H

@x̂

1Q2
3 ŷð Þ @

2H

@ŷ2
1Q4 ŷð Þ @H

@ŷ

1
1

Pe2
Q2

5 ẑð Þ @
2H

@ẑ2
1Q6 ẑð Þ @H

@ẑ

� �
(36)

where the functions Qi51���6 are provided in the Appendix. The
associated boundary conditions are also transformed, accord-
ingly. As the rate Eq. 25 does not include any of the x, y, and z
coordinates, it remains unchanged during the transformation pro-
cess. To achieve a better understanding of the mesh clustering
scheme, the physical domain for a5L�51 with 20 grid points in
each direction is drawn in Figure 2 along with the computational
space. It can be seen that the distance between two successive
grids is reduced by approaching the wall or the entrance.

Applying the central finite difference scheme to the spatial
terms and the forward difference scheme to the temporal
terms, the discretized forms of Eqs. 34236, developed for
the inner points, along with that of Eq. 25 become

k0ww�i;j2k1ww�i11;j2k2ww�i21;j5k3ww�gi;j111k4ww�gi;j21 (37)

k0uu�i;j2k1uu�i11;j2k2uu�i21;j5k3uu
�g
i;j111k4uu

�g
i;j212k5u

u�gi11;j112u�gi11;j212u�gi21;j111u�gi21;j21

� �
1k6u (38)

k0HHp11
i;j;k 2k1HHp11

i11;j;k2k2HHp11
i21;j;k5k3HHp11;g

i;j11;k

1k4HHp11;g
i;j21;k1k5HHp11;g

i;j;k111k6HHp11;g
i;j;k211k7H (39)

hp11
s1;j;k5

hp
s1;j;k1�DaDt�p11hp11;g

m11;j;k

11�DaDt�p11 KD1hp11;g
m11;j;k

� � (40)
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hp11
s2;i;k5

hp
s2;i;k1�DaDt�p11hp11;g

i;n11;k

11�DaDt�p11 KD1hp11;g
i;n11;k

� � (41)

where, the coefficients kw, ku, and kH are presented in the
Appendix. In addition, indices i, j, and k denote the grid
numbers in x, y, and z directions, respectively, while p repre-
sents the time step. Superscript g refers to the previous itera-
tion results, while denoting guess values for the first
iteration. Note that the parameter Ki;j5sinh w�i;j=w

�
i;j included

in k0w is appeared in the linearization of the potential equa-
tion. For the grids located on the boundaries, appropriate
second-order difference equations are used. Equations 40 and
41 show the relevant discretized rate equations for the verti-
cal and horizontal walls represented by the subscripts 1 and
2, respectively. It is noteworthy that separating Hs into Hs1

and Hs2 is only for the sake of simplicity in the linkage
between the analyte concentration at the wall and that of the
surface bound analytes.

The set of algebraic Eqs. 37 is solved by means of tridiag-
onal matrix algorithm (TDMA). In each iteration, the values
of Ki;j are considered to be constant and will be updated in
the next iteration after obtaining the new values of w�i;j and
applying an appropriate over relaxation factor. The proce-
dure continues until the required overall relative error of
1027 is achieved. Afterward, a velocity distribution is
guessed and based on which the coefficients containing the
guessed values are computed. Equations 38 are then solved
and, after applying appropriate under relaxation factors, the
new values are used to update the coefficients. This proce-
dure continues until the convergence criterion is satisfied.
The velocity magnitudes are used for solving the species
transport field. The relevant solution procedure starts by
guessing a distribution for H at the time step p11. As the
values of Hp

i;j;k are known, they are used as the first guess.
The values of Hp11

s are then being evaluated by means of
Eqs. 40 and 41. The boundary conditions of the analyte con-
centration in the fluid can now be completed by substituting
the computed values of Hp11

s into the discretized forms of
Eqs. 21 and 22. The set of discretized governing equations
for H is then solved by means of the TDMA solver. After a
complete sweeping of the domain, an appropriate under
relaxation factor is applied and the new data are then used
as a new guess to recalculate Hp11

s . The procedure is going

on until the required overall relative error of 1027 is
achieved.

Due to different distributions of the gradients in concen-
tration and velocity fields, it is necessary to use different
values of b for these fields. Moreover, the required number
of the grid points to get grid independent results is much
smaller for the concentration field as compared with the
velocity field. Hence, it is necessary to transfer the velocity
magnitudes into the simulation domain of the concentration
field. We use the bilinear interpolation scheme for data
transfer between the fields. For the concentration field, the
values of b51:1 and bz51:2 are considered. For the electri-
cal potential and velocity fields, however, the appropriate b
depends on K because the gradients are higher near the
wall for higher values of this parameter. Accordingly, the
associated value of b should more and more approach unity
by increasing K. The dependency of b on K for the electri-
cal potential and velocity fields here is considered to be
b5111=3K. Finally, the ratio of the two successive time
steps Dt�p11=Dt�p was varied between 1 and 1.1 and it was
found that a ratio of 1.03 provides the most accurate
results.

Method Validation

To ensure that the obtained results are not dependent on
the grid size and the time step, extensive analyses were
done, revealing that utilizing 80 time steps from the injection
to saturation along with 40340380 grids in x, y, and z
directions, respectively, results in sufficiently accurate
results. For validation of the numerical solution, a compari-
son is made between the present results and those of reaction
limited conditions for which an analytical solution is possi-
ble. Given the physical meaning of the Damkohler number
discussed before, at the limit Da! 0 there is no resistance
to mass transfer and the transport is purely reaction limited.
Hence, the analyte concentration at any point in the channel
instantaneously becomes the same as the injection concentra-
tion, resulting in a dimensionless concentration of H51.
Under such conditions, the dimensionless rate Eq. 25 becomes

dHs;rl

dt�
5�Da 12 11KDð ÞHs;rl

	 

(42)

which can readily be solved to yield

Figure 2. A typical physical domain along with the computational space including details of the grid system used.
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Hs;rl5
12e2�Da 11KDð Þt�

11KD
(43)

Figure 3 compares the numerically computed values of
Hs;av and those predicted by the reaction limited solution for
a small Damkohler number of Da510210, revealing an
excellent agreement between them.

Results and Discussion

Ten governing parameters are too many for performing a
parametric study including all of their effects on the surface
reaction kinetics. Therefore, we only vary the ones which
are of highest interest and fix the others at reasonable values.
Table 1, presenting the practical ranges of the physical
parameters, is a useful guide in this respect. Considering
these data, the parameters f�, �, Pe, and KD are fixed at
moderate values of 4, 0:1, 10, and 0:1, respectively. In addi-
tion, unless otherwise is stated, the parameter set of a52,
L�51, K510, n50:7, C50, and Da510 is considered.

We begin the presentation of the results with illustrating
the profiles of the dimensionless analyte concentration at dif-
ferent values of the Damkohler number and the normalized
time t�=t�eq in Figure 4. This variant of the dimensionless
time is used to pave the way for a better judgment of the
Damkohler number effects. As observed from the figure, for
a given normalized time, a more uniform profile is achieved
by decreasing Da. As mentioned previously, this is because
of increasing the diffusion effects. The figure also reveals
that the maximum of the analyte concentration profile occurs
at the centerline where the surface effects are minimum. The
analytes moving near the corner have a small velocity and
are exposed to reaction from both the vertical and horizontal
walls. Hence, most analytes will be captured by the binding
sites on the walls, resulting in the minimum analyte concen-
tration in the flow field, as observed in the figure.

Figure 5 depicts a typical distribution of Hs. As expected,
the concentration of the surface bound analytes is a decreas-
ing function of the axial coordinate. At the channel inlet, Hs

is independent of y�, because of the uniformity of the analyte

concentration. For other axial positions, Hs is decreased by
approaching the corner, due to smaller availabilities of the
analytes at higher values of y�.

The time evolution of Hs;pav is shown in Figure 6. At the
beginning, the analytes merely exist near the entrance; hence,
the reaction only takes place at this region. Due to the high
availability of the binding sites, the reaction process occurs at
a high rate, giving rise to the depletion of the solution. As the
time is passed, the reaction rate decreases in the channel
entrance. Besides, the analytes have sufficient time to reach
higher axial positions. Accordingly, the region of reaction is
extended to the downstream. At higher time scales, the
upstream region is saturated; under these conditions, the rate
of binding is balanced with the dissociation rate and, hence,
the inlet analytes are totally transferred downstream.

At higher channel lengths, the entrance region may reach
saturation while the reaction is practically not started at the
channel outlet. Such a situation can be observed in Figure 7
which depicts the profiles of Hs;pav for L�510. In these
cases, a concentration wave is formed which propagates into
the channel at a constant velocity smaller than the fluid
mean velocity. The speed of the wave normalized with uHS

is calculated to be about 0.070. The exact value of this speed
can be obtained by an analytical treatment of the governing
equations. The analysis starts by integrating Eq. 19 over the
dimensionless channel cross sectional area, A�, to yield

@Hcsa

@t�
1u�m

@Hb

@z�
5

1

a

ð
A�
r�2HdA�1

1

Pe2

@2Hcsa

@z�2
(44)

where the subscript csa stands for the cross-sectional aver-
age, u�m denotes the dimensionless mean velocity, and Hb is
the velocity averaged (bulk mean) analyte concentration. It
should be pointed out that, here and in what follows, the
dimensionless Del operator, r�5Hr, is assumed to operate
only in x-y plane. Making use of the divergence theorem and
the dimensionless form of Eq. 17, the first term on the right
side of Eq. 44 may be rewritten as

1

a

ð
A�
r�2HdA�5

1

a

ð
P�
r�H � n̂dP�52

1

�a

ð
P�

@Hs

@t�
dP�

(45)

where P� stands for the dimensionless channel perimeter.
Equation 44 is, therefore, modified into the following form,
after taking advantage of Eq. 28

@Hcsa

@t�
1u�m

@Hb

@z�
52

111=a
�

@Hs;pav

@t�
1

1

Pe2

@2Hcsa

@z�2
(46)

Figure 3. Comparison between the numerically com-
puted values of Hs;av and those predicted by
the reaction limited solution, given by Eq. 43.

Table 1. Practical Ranges of Physical Parameters

Parameter Value

Flow behavior index n26,42,47 0:421:2
Half channel height H20 0:5225 lm
Half channel width W20 102250 lm
Channel length L20 0:122 mm
Debye length kD

48 12100 nm
Zeta potential f49 52245 mV
Electric field Ez

48 12100 kVm21

Diffusivity D20 432100 lm2s21

Injection concentration cin
20 0:1 lM

Concentration of binding sites cs0
20 8270 fmol mm22

Association rate ka
20 1:2310522:43105 M21s21

Dissociation rate kd
20 023:531023s21
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We now fix the coordinate system to the wave front by
applying a variable change of the form

Z5z�2
ueff

uHS
t�5z�2u�eff t

� (47)

wherein ueff is the effective propagation velocity. Based
on this new coordinate system, Eq. 46 becomes

u�eff

dHcsa

dZ 2u�m
dHb

dZ 1
111=a
�

u�eff

dHs;pav

dZ 1
1

Pe2

d2Hcsa

dZ2
50

(48)

Integrating Eq. 48 from 21 to 11 with the considera-
tion of the associated boundary conditions given as

HbjZ!215HcsajZ!2151; Hs;pavjZ!215
1

11KD
;

dHcsa

dZ

����
Z!21

50

(49)

HbjZ!115HcsajZ!115Hs;pav

����
Z!11

50;
dHcsa

dZ

����
Z!11

50

results in the following expression for u�eff

u�eff 5 11
111=a
� 11KDð Þ

� �21

u�m (50)

The effective propagation velocity ueff is, therefore, not
dependent on the Peclet number. In fact, when normalizing

with the mean velocity, it is a function of only three parame-
ters comprising a, �, and KD that govern the adsorption
kinetics at these conditions in a manner that higher values of
them result in a faster saturation. This is why the wave prop-
agation speed is an increasing function of all of these param-
eters. Equation 50 predicts a dimensionless propagation
velocity of 0.0703 for the parameter set of Figure 7, a value
very close to the numerical result. Moreover, the ratio
ueff=um becomes 0.068, revealing that the propagation veloc-
ity is about 15 times smaller than the fluid mean velocity.

The effects of the power-law rheology on the saturation
process for two different values of Da are shown in Figure
8. A decrease in n leads to a smaller resistance against flow
and, accordingly, higher velocities. Therefore, the analytes
travel along the channel more quickly, resulting in more
availability of analytes adjacent to the surface. This paves
the way for a faster reaction and, ultimately, a shorter satura-
tion time, as seen in the figure. Comparing the two sections
of Figure 8 leads one to the conclusion that the rheology
effects are pronounced by increasing the Damkohler number.
This is not surprising by referring to the physical interpreta-
tion of Da. At lower values of Da, the shortage of analytes
near the wall is compensated by the diffusion mechanism.
However, at higher Damkohler numbers, the diffusion mech-
anism is very slow and the analytes are mainly conveyed by
the flow, leading to higher effects of the velocity pattern on
the saturation process.

Figure 4. Profiles of H at z* ¼ 0:0355 for different values of t*=teq* að Þ Da ¼ 0:1 and bð Þ Da ¼ 10.
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Besides the Damkohler number, there are other parameters
that affect the extent to which the fluid rheology can influ-
ence the saturation process. One of these parameters is the

EDL thickness that is here studied through K. As noted pre-
viously, by increasing this parameter a more plug-like veloc-
ity profile is achieved. This velocity profile is not much
affected by the fluid rheology and, hence, the effects of the
flow behavior index on surface reaction kinetics is decreased
at higher values of K. This is observed in Figure 9 that
presents the graphs of Hs;av vs. t� for different values of n
and K. Conversely, the more concentration of the electroos-
motic body force near the wall gives rise to higher velocities
in this region for the same values of n. This, ultimately,
results in faster reactions for smaller EDL thicknesses, as
observed in Figure 9.

Figure 10 shows the interactive impacts of the channel
aspect ratio and flow behavior index on the surface reactions.
It can be seen that, a higher a is accompanied by a smaller
saturation time. The first reason of this trend is higher vol-
ume to surface ratios at higher values of a for a given chan-
nel height, which, ultimately, lead to a higher availability
of analytes, because the amount of the injected analytes is

Figure 5. Distribution of Hs at the vertical wall for
t* ¼ 10:5.

Figure 6. Time evolution of Hs;pav.

Figure 7. Profiles of Hs;pav for equidistant moments in
time between t* ¼ 20 to t* ¼ 90.

Figure 8. Effects of fluid rheology on profiles of Hs;av

vs. t* for (a) Da ¼ 1 and (b) Da ¼ 10.
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proportional to the channel volume. In addition, the rate of
reaction near the corners is slower as compared with the
other regions because of the analyte shortage which itself is
a result of small velocities. As the maximum corner effects
are associated with a channel of square cross section, an
increase in a gives rise to smaller corner effects, thereby
increasing the reaction rate. Figure 10 also reveals that the
power-law rheology effects on the saturation process are
maximal for a channel of square shape, an expected trend
considering the associated maximum corner effects.

The last illustration being presented, that is Figure 11, is
pertinent to the velocity scale ratio effects on the saturation
process at different values of n. The reaction rate is found to
be an increasing function of C. This is expected, due to the
fact that, a higher value of this parameter corresponds to
higher velocities. The more influence of the pressure gradient

for a negative C may be attributed to the distortion of the
velocity profile in the presence of an opposed pressure gradi-
ent. It is also found from Figure 11 that, the rheology effects
in the case of fluids having shear-rate-dependent behavior
are pronounced by applying a favorable pressure gradient,
corresponding to a positive value of the velocity scale ratio,
whereas the opposite is true when the flow is subject to an
opposed pressure gradient.

Conclusions

The shear-rate-dependent rheology effects on mass trans-
port and surface reactions in a heterogeneous microchannel
of rectangular cross section were studied in this article. The
carrier liquid, considered to be a power-law fluid, was
assumed to be actuated by a combined action of electroos-
motic and pressure forces. The problem was handled by a
finite difference based numerical approach with a grid sys-
tem appropriately clustered in high gradient regions. When
possible, analytical solutions were also presented. The
results revealed that utilizing a fluid with a smaller value of
the flow behavior index leads to faster reactions; this means
that, for shear-thinning biofluids such as blood, one may
expect much shorter saturation times. The power-law rheol-
ogy effects were found to be significantly pronounced in
the presence of large Damkohler numbers and EDL thick-
nesses. It was also observed that any deviation of the chan-
nel cross section from a square shape gives rise to the
depletion of fluid characteristics impacts on the mass trans-
port phenomena. Moreover, when a favorable pressure gra-
dient is applied along the channel, the dependence of
surface reaction kinetics on the fluid rheology is increased,
whereas the opposite is true for an opposed pressure gradi-
ent. Last but not least, a concentration wave may be created
for sufficiently long channels; utilizing an analytical
approach, it was shown that, when normalized with the
fluid mean velocity, the wave propagation speed depends
only on three parameters comprising the channel aspect
ratio, the kinetic equilibrium constant, and the relative
adsorption capacity.

Figure 9. Effects of flow behavior index on profiles of
Hs;av vs. t* for two different values of EDL
thickness.

Figure 10. Effects of flow behavior index on profiles of
Hs;av vs. t* for two different channel aspect
ratios.

Figure 11. Effects of flow behavior index on profiles of
Hs;av vs. t* for two different velocity scale
ratios.
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Notation

A = channel cross sectional area, m2

c = analyte concentration, m23

cin = injection concentration, m23

cs = concentration of surface bound analytes, m22

cs0 = concentration of the binding sites, m22

D = diffusion coefficient; m2s21

Da = Damkohler number, =kacs0H/D
e = proton charge, C
E = electric field, V m21

Ez = electric field in axial direction, V m21

F = body force vector, N m23

H = half channel height, m
ka = association rate, m3 s21

kB = Boltzmann constant, J K21

kd = dissociation rate, s21

KD = kinetic equilibrium constant, 5 kd/kacin

L = channel length, m
m = flow consistency index, Pa sn

n = flow behavior index
N i = concentration of ith ionic species, m23

N0 = ionic concentration at neutral conditions, m23

n = outward normal direction to the wall, m
n̂ = unit vector in the direction of n
p = pressure, Pa
P = channel perimeter, m

Pe = Peclet number, = uHSH/D
t = time, s

T = temperature, K
u = velocity vector, m s21

ueff = effective propagation velocity, m s21

uHS = Helmholtz-Smoluchowski velocity, m s21

uPD = pressure driven velocity, m s21

uz = axial velocity, m s21

W = half channel width; m
x; y; z = coordinates, m

z = valence number of ions in solution
Z = dimensionless coordinate fixed to the wave front, 5 z*2ueff*t*

Greek letters

a = channel aspect ratio, 5 W/H
b; bz = stretching parameters

C = velocity scale ratio, 5 un
PD=un

HS

e = permittivity of medium, CV21m21

� = relative adsorption capacity, 5 cinH/cs0

f = zeta potential, V
H = dimensionless concentration of analytes, 5c/cin

Hs = dimensionless concentration of surface bound analytes, 5cs/cs0

j = dimensionless Debye-H€uckel parameter, 5 H/ kD

kD = Debye length, m
q = mass density, kg m23

qe = electrical charge density, C m23

s = stress tensor component, Pa
s = stress tensor, Pa
u = electrostatic potential, V
U = externally imposed electrostatic potential, V
w = EDL electrostatic potential, V

Subscripts

av = average
b = bulk mean

csa = cross sectional average
eq = equilibrium

i; j; k = grid numbers
m = mean

pav = perimeter averaged
rl = reaction limited
w = near reactive wall

Superscripts

g = guess value
p = time step
� = dimensionless variable
^= transferred variable
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Appendix

The coefficients and functions appeared in the formulation
of the problem are given below
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2abX
; Q2 x̂ð Þ5 e2Xx̂12eXx̂22e2Xx̂2e22Xx̂

4a2b2X
(A7)

Q3 ŷð Þ5 eXŷ1e2Xŷ12

2bX
; Q4 ŷð Þ5 e2Xŷ12eXŷ22e2Xŷ2e22Xŷ

4b2X
(A8)

Q5 ẑð Þ5 eXz ẑ21ð Þ1e2Xz ẑ21ð Þ12

2L�bzXz
;

Q6 ẑð Þ5 e2Xz ẑ21ð Þ12eXz ẑ21ð Þ22e2Xz ẑ21ð Þ2e22Xz ẑ21ð Þ

4L�2b2
z Xz

(A9)

where,

X5ln
b11

b21

� �
; Xz5ln

bz11

bz21

� �
(A10)

k0w52Q2
1 x̂ið ÞDŷ212Q2

3 ŷj

� �
Dx̂21j2Kg

i;j Dx̂2Dŷ2 (A11)

k1w5Q2
1 x̂ið ÞDŷ21

1

2
Q2 x̂ið ÞDx̂Dŷ2 (A12)

k2w5Q2
1 x̂ið ÞDŷ22

1

2
Q2 x̂ið ÞDx̂Dŷ2 (A13)

k3w5Q2
3 ŷj

� �
Dx̂21

1

2
Q4 ŷj

� �
DŷDx̂2 (A14)
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k4w5Q2
3 ŷj

� �
Dx̂22

1

2
Q4 ŷj

� �
DŷDx̂2 (A15)
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� �

1
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Dŷ

2
4

3
5

2
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� �2

1n Dx̂Q3 ŷj

� �h i2

u�gi;j112u�gi;j21

� �2
� �) (A16)

k1u5 n DŷQ1 x̂ið Þ½ �2 u�gi11;j2u�gi21;j

� �2

1 Dx̂Q3 ŷj

� �h i2

u�gi;j112u�gi;j21

� �2
� �

Q2
1 x̂ið Þ
Dx̂2

1
Q2 x̂ið Þ
2Dx̂

� �
(A17)

k2u5 n DŷQ1 x̂ið Þ½ �2 u�gi11;j2u�gi21;j

� �2

1 Dx̂Q3 ŷj

� �h i2

u�gi;j112u�gi;j21

� �2
� �

Q2
1 x̂ið Þ
Dx̂2

2
Q2 x̂ið Þ
2Dx̂

� �
(A18)

k3u5 DŷQ1 x̂ið Þ½ �2 u�gi11;j2u�gi21;j

� �2

1n Dx̂Q3 ŷj

� �h i2

u�gi;j112u�gi;j21

� �2
� � Q2

3 ŷj

� �
Dŷ2

1
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2Dŷ

2
4
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5 (A19)

k4u5 DŷQ1 x̂ið Þ½ �2 u�gi11;j2u�gi21;j

� �2

1n Dx̂Q3 ŷj

� �h i2

u�gi;j112u�gi;j21
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3 ŷj

� �
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2
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� �
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k5u5
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2
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�g
i11;j2u

�g
i21;j
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u
�g
i;j112u

�g
i;j21
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1 x̂ið ÞQ2
3 ŷj

� �
(A21)

k6u52 2Dx̂Dŷð Þn21 DŷQ1 x̂ið Þ½ �2 u
�g
i11;j2u

�g
i21;j

� �2

1 Dx̂Q3 ŷj
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u
�g
i;j112u

�g
i;j21
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� �32n

2 n11
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C1
Kn11

nnf�
sinhw�i;j
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(A22)

k0H5Dx̂2Dŷ2Dẑ212Dt�p11Dŷ2Dẑ2Q2
1 x̂ið Þ12Dt�p11Dx̂2Dẑ2Q2

3 ŷj

� �
12Dt�p11Dx̂2Dŷ2 Q2

5 ẑkð Þ
Pe2

(A23)

k1H5Dt�p11Dŷ2Dẑ2Q2
1 x̂ið Þ1Dt�p11Dx̂Dŷ2Dẑ2 Q2 x̂ið Þ

2
(A24)

k2H5Dt�p11Dŷ2Dẑ2Q2
1 x̂ið Þ2Dt�p11Dx̂Dŷ2Dẑ2 Q2 x̂ið Þ

2
(A25)

k3H5Dt�p11Dx̂2Dẑ2Q2
3 ŷj

� �
1Dt�p11DŷDx̂2Dẑ2

Q4 ŷj

� �
2

(A26)

k4H5Dt�p11Dx̂2Dẑ2Q2
3 ŷj

� �
2Dt�p11DŷDx̂2Dẑ2

Q4 ŷj

� �
2

(A27)

k5H5Dt�p11Dx̂2Dŷ2 Q2
5 ẑkð Þ
Pe2

1Dt�p11DẑDx̂2Dŷ2 Q6 ẑkð Þ
2Pe2

2Dt�p11DẑDx̂2Dŷ2
u�i;jQ5 ẑkð Þ

2
(A28)

k6H5Dt�p11Dx̂2Dŷ2 Q2
5 ẑkð Þ
Pe2

2Dt�p11DẑDx̂2Dŷ2 Q6 ẑkð Þ
2Pe2

1Dt�p11DẑDx̂2Dŷ2
u�i;jQ5 ẑkð Þ

2
(A29)

k7H5Dx̂2Dŷ2Dẑ2Hp
i;j;k (A30)
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